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Abstract. We consider finite dimensional representations of the dihedral 
group Z?2p over an algebraically closed field of characteristic two where p is 
an odd integer and study the degrees of generating and separating polynomi- 
als in the corresponding ring of invariants. We give an upper bound for the 
degrees of the polynomials in a minimal generating set that does not depend 
on p when the dimension of the representation is sufficiently large. We also 
show that p + 1 is the minimal number such that the invariants up to that 
degree always form a separating set. As well, we give an explicit description 
of a separating set when p is prime. 



1. INTRODUCTION 

Let V be a finite dimensional representation of a group G over an algebraically 
closed field F. There is an induced action of G on the algebra of polynomial 
functions F[V] on V that is given by g(f) = f o g _1 for g £ G and / G -F[V]. Let 
F[V] G denote the ring of invariant polynomials in -F[V]. One of the main goals 
in invariant theory is to determine F[V] G by computing the generators and the 
relations. One may also study subsets in F[V] G that separate the orbits just as 
well as the full invariant ring. A set A C F[V] G is said to be separating for V 
if for any pair of vectors u,w S V, we have: If f(u) — f(w) for all / e A, then 
/(«) = f(w) for all / e F[V] G . There has been a particular rise of interest in 
separating invariants following the text book pQ. Over the last decade there has 
been an accumulation of evidence that demonstrates that separating sets are better 
behaved and enjoy many properties that make them easier to obtain. For instance, 
explicit separating sets are given for all modular representations of cyclic groups 
of prime order in |S]. Meanwhile generating sets are known only for very limited 
cases for the invariants of these representations. In addition to attracting attention 
in their own right separating invariants can be also used as a stepping stone to 
build up generating invariants, see [2]. For more background and motivation on 
separating invariants we direct the reader to [I] and 0]. 

In this paper we study the invariants of the dihedral group D 2v over a field of 
characteristic two where p is an odd integer. The invariants of dihedral groups 
in characteristic zero have been worked out by Schmid in [7] where she sharpened 
Noether's bound for non-cyclic groups. Specifically, among other things, she proved 
that the invariant ring C[V^] £>2p is generated by polynomials of degree at most p+1. 
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Obtaining explicit generators or even sharp degree bounds is much more difficult 
when the order of the group is divisible by the characteristic of the field. The main 
difficulty is that the degrees of the generators grow unboundedly as the dimension 
of the representation increases. Recently, Symonds [9] established that F[V] G is 
generated by invariants of degree at most (dimV)(|G| — 1) for any representation 
V of any group G. In section 1 we improve Symonds' bound considerably for 
Z?2p in characteristic two. The bound we obtain is about half of dim(y) and it 
does not depend on p if the dimension of the part of V where Di v does not act 
like its factor group Z/2Z is large enough. In section 2 we turn our attention to 
separating invariants for these representations. The maximal degree of an element 
in the generating set for the regular representation provides an upper bound for 
the degrees of separating invariants. We build on this fact and our results in 
section 1 to compute the supremum of the degrees of polynomials in (degreewise 
minimal) separating sets over all representations. This resolves a conjecture in [3] 
positively. Then we specialize to the case where p is a prime integer and describe 
an explicit separating set for all representations of F>2 V - Our description is recursive 
and inductively yields a set that is "nice" in terms of constructive complexity. The 
set consists of invariants that are in the image of the relative transfer with respect 
to the subgroup of order p of £>2 P together with the products of the variables over 
certain summands. Moreover, these polynomials depend on variables from at most 
three summands. 

2. Notation and Conventions 

In this section we fix the notation for the rest of the paper. Let p > 3 be an odd 
number and G := Di v be the dihedral group of order 2p. We fix elements p and a 
of order p and 2 respectively. Let H denote the subgroup of order p in G. Let F be 
an algebraically closed field of characteristic two, and A G F a primitive p-th root 
of unity. 

Lemma 1. For < i < (p — l)/2 let Wi denote the two dimensional module 
spanned by the vectors v\ and v-i such that p{v\) = \~ l v\, p(v%) — \ l V2, cr(vi) = v-i 
and o~{v2) = v\. Then the Wi together with the trivial module represent a complete 
list of indecomposable F>2 V -modules. 

Proof. Let V be any D2 P -module. As p is odd, the action of p is diagonalizable. 
For any k £ Z, a induces an isomorphism of the eigenspaces of p, a : Eig(p, X k ) —> 
Eig(p, \~ k ). Therefore as i?2p-module, V decomposes into a direct sum of Eig(p, 1) 
and some Wi's with 1 < i < (p — l)/2. The action of a on Eig(p, 1) decomposes 
into a direct sum of trivial summands and summands isomorphic to Wq . □ 

Note that Wi is faithful if and only if i and p are coprime. Let V be a reduced 
G- module, i.e., it does not contain the trivial module as a summand. Assume that 

r s 
i=l i=l 

where r, s, m,i are integers such that r, s > and < m t < (p — l)/2 for 1 < i < r. 
By a suitable choice of basis we identify V = F 2r+2s with a space of 2(r + s)-tuples 
{(oi, ...,a r ,bi,.. . A,ci, . . . ,c s ,di, . . . ,d s ) | ai,bi,Cj,dj € F, 1 < i < r, 1 < j < 
s} such that the projection (ai, . . . , a ri b\, . . . , b r , cj., . . . , c s , d\, . . . , d s ) — > (a;, bi) € 
F 2 is a Z?2 P -equivariant surjection from V to W mi for 1 < i < r and the projection 
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(ai, . . . ,a r ,bi, . . . ,b r ,a, . . . ,c s ,di, . . . ,d s ) — > (cj,dj) G F 2 is a D2 P -equivariant 
surjection from V to Wo for 1 < j < s. Let xi, . . . , x r , yi, . . . , t/ r , £1, . . . , S , wi, . . . , w s 
denote the corresponding basis elements in V*, so we have 

F[V] = F[xi, ...,x r ,yi,.. -,y r ,zi, ...,z S) wi,.. .,w s ], 

with a interchanging Xi with yi for 1 < i < r and Zj with Wj for 1 < j < s. The 
action of p is trivial on Zj and uij for 1 < j < s. Meanwhile p(xi) = X mi Xi and 
p(Vi) = ^~ mi Vi for 1 < i < r. 

3. Generating invariants 

In this section we give an upper bound for the degree of generators for .F[V] G . 
Here, p > 3 is an arbitrary odd number. We continue with the introduced notation. 
For 1 < i < r and 1 < j < s, let ai , bi , Cj , dj denote non- negative integers. Let 
m = x^ 1 . . . x^yi 1 ■ ■ ■ y h r r 'zj 1 ■ • ■ z^wf 1 . . . w^ 3 be a monomial in -F[V]. Since p acts 
on a monomial by multiplication with a scalar, all monomials that appear in a 
polynomial in _F[V] are invariant under the action of p. For a monomial m that 
is invariant under the action of p, we let o(m) denote its orbit sum, i.e. o(m) = m 
if m € F[V] G and o(m) = m + cr(m) if m G F[V"] P \ F[V] G . As er permutes the 
monomials, we have the following: 

Lemma 2. Let M denote the set of monomials of F[V]. F[V) G is spanned as a 
vector space by orbit sums of p-invariant monomials, i.e. by the set 

{o(m) : m G M p } = {m + a(m) : m € M p } U {to : me M G }. 

Let / G F[y]2. We call / expressible if / is in the algebra generated by the 
invariants whose degrees are strictly smaller than the degree of /. 

Lemma 3. Let to = x^ 1 . . . x^y^ 1 . . . y h r r 'z^ 1 . . . z^wf 1 . . . w^ 3 G M p such that o(m) 
is not expressible. Then X)i<j< s ( c j +4?) — s - 

Proof. Assume by contradiction that X)i<j< s ( c j +4;) > s - Pick an integer 1 < j < 
s such that Cj + dj > 2. If both Cj and dj are non-zero, then m is divisible by the 
invariant ZjWj. It follows that o(m) is divisible by ZjWj, hence o(to) is expressible. 
Now assume Cj > 2 and dj — 0. Note that m/zj € M p . We consider the product 

o(zj)o(m/zj) = (zj + Wj)(m/Zj + a{m)/w 3 ) = o(m) + (mwj/zj + a(m)zj/wj). 

As mwj/zj is divisible by Zj-uij (because m is divisible by z 2 ), the invariant / := 
niWj/zj + o~(m)zj /vjj is divisible by ZjWj. Hence o(to) = o(zj)o(mj Zj) + / is 
expressible. The case Cj = and dj > 2 is handled similarly. □ 

Theorem 4. ^[V] is generated by invariants of degree at most s + max{r,p}. 

Proof. By Lemma [2] it suffices to show that o(m) is expressible for any monomial 
to = x" 1 . . . x^'y^ 1 . . . y h r r ' z^ 1 . . . z^wf 1 . . . Wg s G M p of degree bigger than or equal 
to s + max{r, p} + 1. Also by the previous lemma we may assume that X)i<j<s( c j + 
dj) < s. But then t :— X)i<i<r ( ai — max{r,p} + 1 > r + 1, so we may take 

a\-\-b\>2. As before, not both of a± and b\ are non-zero because otherwise o(m) 
is divisible by the invariant polynomial x\y\ and so is expressible. So without loss 
of generality we assume that a\ >2,bi = 0. Let kf denote the character group of 
H, whose elements are group homomorphisms from H to F*. Note that kf = H. 
For 1 < i < r, let Ki G kf denote the character corresponding to the action of 
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H on Xi. By construction the character corresponding to the action on j/j is — 
Since p(m) = m we have X)i<j<r( aiKi — = 0- This is an equation in a cyclic 
group of order p that contains at least t > p + 1 (not distinct) summands. Since 
a i > 2, Proposition 7.7] applies and we get non- negative integers a! i < and 
&■ < &j for 1 < i < r with < aj < a\ satisfying J2i<i< r ( a i Ki — K K i) = 0- Hence 

mi := x^ 1 . . . Xr r y b i ■ ■ ■ Vr T z< \ ■ ■ ■ z's"™! 1 ■ ■ ■ w s s i s /?- invariant. Thus mi := m/mi 
is also p-invariant. Since < a[ < a±, both mj and m 2 are divisible by x\. Now 
consider 

(mi + <j(m 1 ))(m 2 + cr(m 2 )) = o(m) + (mia(m 2 ) + a(m 1 )m 2 ). 

As 7711(7(7712) is divisible by Xij/i, so is / := (m 1 cr(m2) + cr(m 1 )m2). It follows that 
o(m) = (m! + er(mi))(m2 + a(m 2 )) + f is expressible. □ 

Remark 5. Assume that V = Wi for some 1 < i < (p — l)/2 such that i and p 
are coprime and set x = Xi and y = t/i. Then by the previous theorem i^lV] is 
generated by invariants of degree at most p. But the monomials in M p of degree 
strictly less than p are all divisible by xy € M G . Furthermore, the only monomials 
in M p of degree p are x p and y p , so it follows from Lemma [2] that _F[V] G = 
F[x p + y p ,xy}. 

4. Separating invariants 

For a finite group G (and a fixed field F), let /3 SGp (G) denote the smallest number 
d such that for any representation V of G there exists a separating set of invariants 
of degree < d. 

Theorem 6. For an algebraically closed field F of characteristic 2 and p > 3 odd, 
we have f3 scp (D 2p ) = P + 1- 

Note that in 5, Proposition 10 and Example 2], bounds for j3 sep {D 2p ) are given 
only in characteristics ^ 2, and the theorem above was conjectured for p an odd 
prime. For example by [5], when p is an odd prime and equals the characteristic of 
F, then f3 sep (D 2p r) = 2p r for any r > 1. 

Proof. We look at the regular representation V lcg := FG, which decomposes into 

p-i p-i 

Kc g = 0j=i © ©i =1 W © Wo . This can be seen by considering the action of 
G on the basis of FG consisting of the elements v k '■— X^=o ^ P* an< ^ w k '■— a ( v k ) 
for k — 0, . . . ,p — 1, where A is a primitive pth root of unity. Then p{Vk) = 
A~ k Vk, p{wk) = crp~ l Vk — A k Wk, and a interchanges i>k and w^. It follows that 
(v k ,w k ) S W fe if < fc < 2=± and (« fc) u; fc ) = VF p _ fc if 2±i < fc < p - 1. 

By Theorem[4j F[I4eg] G is generated by invariants of degree < l+max{p, 2^-} = 
1 + p. Hence (3 scp (G) < p + 1 by [3l Corollary 3.11] (see also Proposition 3]). 
Note that for p a prime, this follows constructively from Theorem [7] To prove 
the reverse inequality, consider V := W\ ® Wo. We use the notation of section [2j 
so F [V] = F[x, y, z, w] (omitting indices since r = s = 1) and look at the points 
vi := (0, 1, 1,0) and v 2 '■= (0, 1,0, 1) of V. They can be separated by the invariant 
zx p + wy p . Assume they can be separated by an invariant of degree less or equal 
than p. By Lemma[2j F[V] G is generated by invariant monomials 777 G F[y] G and 
orbit sums m + (7(777) of p-invariant monomials m S i ? [V r ] p . If such an element 
separates v\ and v 2 , we have 771(771) 7^ m(v 2 ) or (m + <rm)(ui) ^ (777 + crm)(v2) 
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respectively. The latter implies m(yi) ^ 771(112) or a(m)(vi) ^= a(m)(v2). Replacing 
m by o~(m) if necessary, we thus have a p-invariant monomial m separating v\,V2 
of degree < p. Therefore, x does not appear in m, so to = y a z b w c . First assume 
a = 0. If b = c, then to is G-invariant, and does not separate vi,V2- If 6 ^ c, 
then to is not G-invariant, and to + ct(to) = z b w c + z c w b does not separate v±,V2- 
So a > 0. As to is p-invariant, we have a > p. Since degTO < p, we have a = p 
and b = c = 0. Then to + ct(to) = y p + x p does not separate t>i,i>2- We have a 
contradiction. □ 

Theorem [5] gives an upper bound for the degrees of polynomials in a separating 
set. In the following, under the additional assumption that p > 2 is a prime, 
we construct a separating set explicitly. We use again the notation of section [2] 
We assume that V is a faithful G- module. In particular we have r > 1. Let 
1 < i < r — 1 be arbitrary. Since the action of p is non-trivial on each of the 
variables x r , y\, . . . , y r -i there exists a positive integer rij < p — 1 such that 
and x r x p ~ % are invariant under the action of p. We thus get invariants 

fi := x r y™ 1 + y r x™\ g t := x r x\~ n% + y r yf~ n ' G Ff^] for i = 1, . . . , r - 1. 
For 1 < i < r — 1 and 1 < j < s we also define 

fij := Xry^'zj + yrX^wj, hj := a^z,- + y^Wj G F[V] G . 
Set V" = 0^ W mi © ©- = i Wo. 

Theorem 7. Let p > 2 be a prime. Let S be a separating set for V' . Then S 
together with the set 

T = {x r y r , x p r + y P , fi, g u f id , hj \ 1 < i < r - 1, 1 < j < s} 

of invariant polynomials is a separating set for V . 

Note that a separating set for Wq is given in [5]. 

Proof. We have a surjection V — > V : (ai , . . . , a r , bi , . . . , b r , c\ , . . . , c s , d\ , . . . , d 8 ) — > 
(ai, . . . , a r _i, 61, ... , b r -i, ci, . . . , c s , di, . . . , d s ) which is G-equi variant. Therefore 
by [3 Theorem 1] it suffices to show that the polynomials in T separate any pair 
of vectors v\ and V2 in different G-orbits that agree everywhere except r-th and 
2r-th coordinates. So we take v\ = (a±, . . . , a r , bi, . . . , b r , c\, . . . , c s , dt, ■ ■ ■ , d s ) and 
V2 = (ai, . . . , a r -i,a' r , 61, ... , 6 r -i, b' r , ci, . . . , c s , d\, . . . , d s ). Assume by way of con- 
tradiction that no polynomial in T separates v\ and V2- Since {x r y r , x p + yf.} C T 
is a separating set for W mr by Remark El we may further take that (a r ,b r ) and 
(a! r , b' r ) are in the same G-orbit. Consequently, there are two cases. 

First we assume that there exists an integer t such that (a' r ,b' r ) = p t (a r ,b r ). 
Hence a' r — \~ tnir a r and b' r = X tmr b r . Set c := X~ tmr . Notice that a r and b r can 
not be zero simultaneously because otherwise v\ =1)2- Without loss of generality we 
take a r ^ 0. Also if a, = 6, = for all 1 < i < r — 1 then we have p'(ui) = V2, hence 
r > 1 and there is an index 1 < q < r — 1 such that at least one of a q or b q is non-zero. 
We show in fact both a q and b q are non-zero together with b r . First assume that 
a q ^ 0. If one of b q or b r is zero, then g q {y\) — a r a q nq and <? g (f2) = ca r a q Uq . 
This yields a contradiction because g q {v\) — g q (v2). Next assume that b q ^ 0. 
If one of a Q or 6,. is zero then f q (v\) = arfog 5 and f q {v%) = ca r b q 9 , yielding a 
contradiction again. In fact, applying the same argument using the invariant 
(or fi) shows that for 1 < i < r — 1 we have: a, ^ if and only if 6j ^ 0. We 
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claim that a\ = b\ for 1 < i < r — 1. Clearly we may assume a, 7^ 0. From 
fi{vi) = fi{vi) we get (1 + c)a r 6™ 1 = (1 + c _1 )6 r a™\ Similarly from .gi(«i) = gi(v 2 ) 
we have (1 + c)a r a v r n% = (1 + cr 1 )^ - ™ 4 . It follows that 

_i _ a r 0- _ a r a[ 
c ~ fe^f " 6 r 6P-«. ' 

This establishes the claim. For 1 < i < r — 1, let denote the smallest non- 
negative integer such that bi — X ei ai. We also have b r = c\ eini a r provided ai / 0. 
We now show that Cj ~ dj for all 1 < j < s. From f q ,j(vi) — fq,j{v 2 ) we have 
Cja r bq q + djb r a q q — cCjCi r b q q + c~ 1 djb r a q q . Putting b q — X Cq a q and b r = cX eqUq a r 
we get Cja r X eqrlq a q q + djcX eqrlq a r a q q = ccja r X eqnq a q q + c~ 1 d j ca r X eqnq a q q which 
gives Cj + cdj = ccj + dj . This implies Cj — dj as desired because 1 + c / . Wc 
now have vi — (a\, . . . , a r , A ei ai, . . . , \ er - 1 a r -\, cX e " nq a r , c\, . . . , c s , c\, . . . , c s ) and 
v 2 = (fli, ■ ■ • , a r _i, ca r , A ei ai, . . . , A e '' _1 a r _i, \ eqUq a r , a, . . . , c s , ci, . . . , c s ). Since 

< m r < p, there exists an integer < h < p — 1 such that —hm r + e q n q = 
mod p. We obtain a contradiction by showing that p h a(vi) — Since the action 
of p on the last 2s coordinates is trivial it suffices to show that \~ hmi bi — cii for 

1 < i < r — 1 and \~ hnir b r = ca r . Hence we need to show —hrrii + ei = 
mod pforl < i < r — 1 when ai ^ 0, and —hm r + e q n q = mod p. The 
second equality follows by the choice of h. So assume that 1 < i < r — 1 and 
ai / 0. We have m r — nitrii = mod p because Xry^ is invariant under the 
action of p. It follows that e q n q — hniirii = mod p. But since = e q n q (as 
b r = cX eiUi a r = cX e " nq a r ) we have rii(ei — hrrii) = mod p. Since rii is non-zero 
modulo p wc have — hrrii = mod p as desired. 

Next we consider the case (a' r ,b' r ) = p t a(a r ,b r ) for some integer t. Hence a' r = 
X~ tmr b r and b' r — X tnir a r . Set c := / \ _tmr . As in the first case one of a r or 6 r is non- 
zero, so without loss of generality we take a r ^ 0. As hj(v\) — hj(v2) for 1 < j < s, 
we get {aP + a'P)cj = {bP + b' r p )dj, which implies (aP r + bP)cj = (aP r + bP)dj. lfa% = V*, 
we have b r = X l a r for some I. Then wc have (a' r ,b' r ) — (X~ tmr+l a r , X tlrir ~ l b r ) e 
(p) ■ (a r ,b r ), so we are again in the first case. Therefore we can assume a? / bf, 7 
and we get Cj = dj for all 1 < j < s. Now, if en = bi = for all 1 < i < r — 1, 
then v 2 = p*cr(i;i). Hence r > 1 and there is an index 1 < q < r — 1 such that 
at least one of a q or b q is non-zero. Let 1 < i < r — 1. From fi{v\) = fi(v 2 ) 
we get + 6 r a™* = cfe r 6™' + c _1 a r a™* and so a™ 1 (c _1 a r + b r ) = b"*(a r + cb r ). 

Note that c _1 a r + b r ^ because otherwise v\ = v 2 . So we have a™' = cfe™ 4 . 
Along the same lines, from gi(vi) = gi(v 2 ) we obtain b^~ n * = ca^ n \ It follows 
that a V i — b\. As before, for 1 < i < r — 1 let denote the smallest non- negative 
integer such that bi = X ei a,i. We also have c = A~™ iCi for all 1 < i < r — 1 with 
ai 7^ 0. We have v\ — {a\, . . . , a r , X ei ai, . . . , X^- 1 a r _i, b r , c\, . . . , c s , a, . . . , c s ) and 
v 2 = (ai, . . . a r _i, cb r , A ei ai, . . . , A er_1 a r _i, c _1 a r , c\, . . . , c s , c\, . . . , c s ). Wc finish 
the proof by demonstrating that v\ and v 2 are in the same orbit. Since < 
m r < p, there exists an integer < h < p — 1 such that X~ hmr = c. Equivalently, 
—hm r + e q n q = mod p. We claim that p h cr(vi) = v 2 . Since Cj = dj for 1 < j < s 
and the action of p on the last 2s coordinates is trivial we just need to show that 
X~ hmi bi — ai for 1 < i < r — 1 and X~ hmr b r = cb r . Since the last equation is 
taken care of by construction we just need to show —hrrii + &i = mod p for 
1 < i < r — 1 when a^ ^ 0. We get = e q n q from c = A~ e * ni = X~ eqUq . Now 
the proof can be finished by exactly the same argument as in the first case. □ 
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